The properties of plane electromagnetic waves in free space, and evanescent waves which can exist near planar boundaries are discussed in detail, and their physical characteristics compared. The discussion is then generalised to other configurations, and with the help of Fourier synthesis several problems are considered from a unified physical viewpoint. Topics covered include particle accelerators, antennas, diffraction gratings, the radiation from curved surface guides, from atoms, from electrons moving in curved paths and Cherenkov radiation.
Introduction
Radiated and guided electromagnetic waves are familiar in many branches of physics, though the way in which they are described and visualised often depends on the particular context. In this paper a unified viewpoint is sketched, the object of which is to show how a few underlying physical features are common to a number of phenomena which may not appear at first sight to be closely related. The aim is to present unifying physical insights rather than methods for solving problems, and to supplement rather than replace existing points of view.
The approach is synthetic rather than deductive, and we begin with a description of the two forms of plane wave solution to Maxwell's equations in free space. Figure 2 Sum of waves travelling at angles *0 to the z axis. Expressions for the fields may readily be found by adding the components in equation 1 to another set with -0 instead of 0, noting that cos(-0) =cos 0 but sin(-@) = -sin 0. The result is a standing wave pattern in the y direction travelling in the z direction. Addition of two more waves at T + 0 and T -0 gives rise to standing waves in both directions. Conducting planes perpendicular to the y axis may be placed where z = 0 and nh/2 sin 0 to form a waveguide.
Two forms of plane wave
to phase velocities in these directions which are greater than c. If the wave moves in a dielectric medium, the velocity is reduced by a factor n, the refractive index of the medium.
An important quantity associated with wave structures is the wave impedance, Z. This can be defined for surfaces in which the components of E and H are orthogonal as (EIH) (cos 4 + j sin 4), where E and H denote peak values, and 4 is the time phase angle measured from E to H. Associated with Z is a direction perpendicular both to E and H , whose sign is that of cos 4. Impedances are conveniently expressed in terms of Zo= (pO/~O)l'Z, the 'impedance of free space'. This is the value for a plane wave measured in a plane perpendicular to the direction of propagation. From figure   1 it is evident that Z , and 2,, where subscripts denote the appropriate directions, are Zo cos 8 and Z , sin 8 respectively; cos 4 and sin 4 are equal to unity and zero respectively and hence the impedance is real, or 'resistive'. The impedance has the important property that it is continuous across interfaces between media with different values of dielectric constant, magnetic permeability, or conductivity.
Many familiar wave configurations can conveniently be considered as manifolds in which a number of waves are superposed. If another wave travelling at -e is added to the plane wave of figure 1 it may readily be verified that the spatial dependence of the peak amplitude of all field com-~ ~~~~~~~ ~ ~ Figure 3 Plane wave internally reflected at a dielectric boundary, giving rise to an evanescent surface wave, with phase velocity less than that of light. Inside the dielectric is a wave structure as illustrated in figure 2 ; outside, the properties of the wave can be found from equation 1, noting that cos 0 remains real, but sin 0 =
(1 -cos* e p 2 is now an imaginary quantity. This implies that E, is 7r/2 out of phase with the other components and that the y dependence is exponential rather than harmonic.
ponents in the y direction is no longer uniform, but varies harmonically. In planes spaced A/2 sin 8 apart H and E, are zero, whereas in a further set of planes midway between these, E, is zero, and H and E, attain their maximum values. Conducting sheets may be placed at any pair of planes of the latter type to form a 'waveguide' with 'guide wavelength' A/cos 8. This is illustrated in figure 2 .
By vector addition of the appropriate field components it may be shown that the impedance measured in planes perpendicular to the y axis is purely imaginary. E, and H are out of phase and 2, = -j cot(y/k sin 8).
In addition to the propagating plane wave illustrated in figure 1 , a further type of wave, known as a surface or evanescent wave can exist near a planar boundary. In figure  3 a wave travelling at and angle O1 in a dielectric medium is shown in the neighbourhood of an interface with free space. From geometrical considerations it is evident that it will match a 'refracted' wave in free space if the latter moves at an angle 8 such that ,+/cos 8 = A/n cos el. This is Snell's law. If n cos exceeds unity then so does cos 8, thus 8 is complex, and total internal reflection occurs at the interface. In free space outside the dielectric there is an evanescent wave, the properties of which can be found by examining the implications of setting cos 6 > 1.
First, the phase velocity c/cos 8 along the surface is less than that of light. For convenience we write this as pc. Evidently a surface wave of this type can interact in a resonant manner with a particle moving in the z direction, for which 0 must necessarily be less than unity. The total energy of such a particle may be written in relativistic notation as ym,c2, where yz=(l-pz)". Since cos 8 = l / @ it follows that sin2 8 = -l/@*y2 and sin 8 is purely imaginary. Quantities that depend on sin 8 in figure 1 change character, instead of a 'wavelength' hisin 8 in the y direction the fields decrease exponentially with attenuation length X/(sin 81 = &X. The impedance Z, becomes reactive rather than resistive, Z, = -jZo lsin 81, the negative sign being chosen to match a field which decreases away from the boundary. This capacitive impedance can be matched to the impedance of the wave pair at *el in the dielectric, to determine the phase change of the wave at reflection.
Evanescent waves can also be propagated on reactive surfaces, such as that shown in figure 4 . This corresponds to a system of infinitely wide strip transmission lines of depth d ; if d <A/4, then Z,-,, is purely inductive and Z(-,) = -Z, = jZ, tan ( d / X ) . If the spacing S is small enough the fine structure of the surface can be neglected, and its impedance can be matched to that of a surface wave, 2, sin 8. This gives the simple relation cos 8 = l/@ = sec(d/X). As d increases from 0 to n/4, the phase velocity drops from c to zero.
The two forms of plane wave considered so far represent two fundamental classes of electromagnetic field, known respectively as 'far fields' and 'near fields'. The latter can only exist close to material bodies of some sort, in the form, for example, of a dielectric slab or a metallic structure such as that shown in figure 4. In photon language the two classes of fields can be thought of as arising from 'real' and 'virtual' photons respectively. In the latter the relation pzc2+ m:c4 = U' between momentum p = h/A and energy U = hf cannot be satisfied for a zero mass particle. As y is increased, keeping h fixed, f approaches c and photons become more nearly real, the distance @yX that they can move from the surface without violating the uncertainty 1 principle increases (Lawson 1970) .
The physical meaning of this distinction in relation to particle accelerators and antenna theory will be discussed later.
3.
A spectrum of plane waves So far, the emphasis has been on single waves. Some problems, however, can be very conveniently treated by considering an angular spectrum of plane waves, in which cos 8 takes all values between --3c and +m. As an example, a somewhat idealised solution to the problem of two-dimensional diffraction through an aperture in a screen will be outlined. A more complete and rigorous treatment of these methods may be found elsewhere (Woodward and Lawson 1948) .
The situation to be analysed is shown in figure 5.
A plane wave in which H is perpendicular to the paper falls on a screen at an angle O0; there is an aperture of width NA in the screen and it is required to find the distribution of fields in the space beyond the screen.
Before doing this, the concept of an aperture plane PP' will be introduced. This plane is just beyond the screen, and divides the space into two halves, one of which contains the source of radiation and the screen, whereas the other is empty. The screen is assumed to be 'perfectly absorbing' though this is an abstraction which cannot satisfy Maxwell's equations at the edges. Nevertheless it is a fair assumption if N is large. The distribution of electric field in the aperture plane is assumed to be uniform with a phase gradient of 2.n cos Bo radians per wavelength opposite the aperture (NA/2 > z > -NA/2), and zero elsewhere ( z > INA/2j).
By means of the Fourier integral this field may be decomposed into a spectrum of component fields in the aperture plane; each component extends from --x to +m and is characterised by a particular value of cos 8. This procedure is formally similar to the resolution of a single rectangular pulse into a frequency spectrum. Furthermore, each of these component fields may be consistently regarded as belonging to a plane wave travelling into the free half of space at an angle 8 from the aperture. waves travelling along the aperture plane, with the amplitude decreasing in a direction away from the plane. It is possible to show that the angular spectrum of waves is identical to the distant 'polar diagram' of the aperture considered as an antenna. This might be expected from the form of figure 6, which is that of the well-known polar diagram of a continuous linear array of length N A and phase gradient 2~r cos Bo radians per wavelength.
It is interesting to note that changing cos O0 merely changes the origin in the figure. It is possible to set up a field in which cos eo is greater than unity in the aperture plane by placing a material of high optical density behind the screen, and making the angle of incidence in this medium (measured to the surface) less than the critical angle. If /cos O01 -1 exceeds 1/N the 'main beam' disappears, and only radiation corresponding to the secondary maxima occurs. For cos 8 only slightly greater than unity maximum radiation still occurs at 8 = 0, but the width of the main beam is reduced. The significance of these observations will be apparent later.
The aperture field described above arises from a plane wave incident on an absorbing sheet containing a gap of width NA. It could equally be generated by a current distribution in the aperture plane. figure 6 , fed with the same amplitude, and phase that varies linearly along the array at a rate @o per slot.
Such a current distribution can be approximated in practice by an array of independently fed dipoles, forming an antenna array.
In this section the discussion is two dimensional; synthesis has simply involved integration over a range of values of cos 8, restricted to the special case where the distribution in the aperture plane is uniform but bounded. A further example of general interest is an infinite periodic distribution in the aperture plane. If the periodicity is D, and the phase advance per period is I & (as, for example, in a reflection grating illuminated from an angle -Bo, such that cos 8" = XG0/D, or an array of slots fed as shown in figure 7 ) the Fourier transform of the 'aperture distribution' is a line spectrum with lines spaced at angles given by cos 8 -cos Bo = nA/D where n is an integer or zero. This is illustrated in figure 8 . Lines where lcos 81 > 1 correspond to evanescent waves travelling along the grating. In the language of microwave tubes and accelerators such waves are known as 'space harmonics'.
As n increases the phase velocity of these waves, and the distance they extend from the surface, both decrease.
Some applications to particle accelerators
Since evanescent waves have phase velocities less than that of light, they can interact in a resonant manner with moving particles, and are closely related to the fields used in particle accelerators. A single wave component is hardly suitable; in the first place a finite size in the x direction is clearly required in a practical device. More fundamentally, as the particle velocity approaches c, the ratio of the accelerating field component E, to the transverse component %, decreases as l / y . For electron accelerators the kinetic energy is 0.49 ( y -1) MeV, so that even at a few MeV l l y is small.
The first of these difficulties can be overcome by placing a second surface, opposite the first one, carrying a wave in which H, and E, are in the opposite phase on the mid-plane, but the E, component is in phase. On the mid-plane H, and E, vanish, but away from it they increase rapidly with y. The tranverse component of electric field varies as y sinh(y/pyX) and the longitudinal component as cosh(y/p@). In the limit, when p = 1, E, becomes uniform, whereas the transverse components of field increase linearly away from the mid-plane, and at a distance X from it become equal to the z component.
In practice, cylindrical geometry is used. The corrugated surface shown in figure 4 is 'rolled up' to form a disc loaded waveguide. The field components are then no longer hyperbolic sines and cosines, but I , and Io Bessel functions, with the same argument. Again, when p = 1 the E, field becomes uniform.
The form for the fields may readily be found by solving Maxwell's equations in cylindrical coordinates; they are given in standard texts. Alternatively the fields may be synthesised by combining a manifold of evanescent plane waves. These waves all have the same value of cos 8, but the angle of polarisation of the H component is distributed uniformly from zero to ZT. This configuration bears the same relation to the field configuration in a smooth guide with p > 1, (cos 8 <l), as an evanescent to a propagating plane wave. Indeed, all modes in smooth, cylindrical guides can be synthesised from propagating plane waves with wave normals on a cone at the same real angle 8 to the axis. For a disc loaded waveguide, the relation between cos 8 and the geometry (radius and corrugation depth) can be found by impedance matching at the boundaries, analogous to that outlined in section 2 . This structure is the basis of the travelling wave accelerator. It is of interest to recall that in the early days of electron accelerators, smooth waveguides with a dielectric wall coating, within which total internal reflection occurs so that cos 6 > 1, were also studied.
In proton linear accelerators the accelerating structure consists of an array of gaps; in synchrotrons a limited number of gaps is repeatedly crossed by the particles being accelerated. In the spirit of the previous section the gap fields can be Fourier analysed into a series of space harmonics, one of which is resonant with the particle velocity. For efficient coupling with the gap the particles must be within about 5 of the wall; this coupling efficiency is often described in terms of a 'gap coupling factor', which is a function of the radial position of the particle.
If the distance between gaps is several wavelengths, as it can be in synchrotrons, for example, the description is artificial and inconvenient in practice, though conceptually correct.
Guided waves on a rod
Particle accelerators make use of waves travelling in hollow tubes. It is interesting now to look at waves moving along the outside of a cylindrical rod.
If the rod is a dielectric cylinder, then the calculation in terms of the rod radius and dielectric constant of the properties of the modes which can be propagated is straightforward, and may be found in standard texts. Here we focus attention on a system consisting of a conducting wire surrounded by a dielectric, with overall diameter small compared to the wavelength. There is only one mode in such a system; the phase velocity is nearly that of light, and the radial dependence of the fields can be expressed in terms of monotonically decreasing Bessel functions with argument r/@yX. This behaviour is analogous to that of the planar system consisting of a thin dielectric sheet backed by a conductor.
In such a guided wave the power flux is, of course, entirely in a direction parallel to the wire. An alternative way of supporting such a wave would be to use an infinite array of hertzian dipoles placed end to end, each fed in such a way that the phase gradient along the array is 2~/ p per wavelength. In such a system there is no reason why l/@, and hence cos 6, should not be less than unity. If this is so, the Bessel functions change character, and the solution remote from the dipoles becomes a travelling wave, moving outwards at an angle cos-' (lip) to the axis. At large distances from the wire the field is indistinguishable from that of a plane wave if observed over a small region subtending a small angle at the wire. This is so whether p is greater or less than unity.
The radiation from an array of finite length can be found in an analogous way to the radiation through a finite aperture, by Fourier decomposition of the current distribution along the array into a spectrum of current waves each extending all the way along the axis. The angular distribution of radiation, is not, however, directly proportional to the spectral density of current components. It must be multiplied by sin 6, which represents the 'polar diagram' of each infinitesimal current element.
Even if /cos 81 > 1 some radiation occurs when the Electromagnetic wave phenomena array is of finite length; this may be compared with diffraction through a finite aperture when lcos 81 > 1, as discussed earlier.
. Radiation horn an electron moving in a straight line
The main interest of the previous section is the insight it gives into the problem of radiation from an electron. Fourier analysis has already been used to decompose the current distribution into components with different spatial periodicities cos 8/A, but a single temporal periodicity f has always been assumed. In the radiation problem, however, use is also made of Fourier analysis of the time component.
An electron, or bunch of electrons moving in a straight line with velocity @c may be considered as a current I = g(@ct-x). This may now be Fourier analysed into a spectrum of harmonic frequency components of the form h e ) exp 27ricft-x cos 8,lA).
For an electron in free space cos 8, is always greater than unity. Now since the current components extend from + m to --CO the 'radiated' spectrum consists of a S function at cos O0 = l/@, as illustrated in figure 9 , and no radiation occurs. In a dielectric medium, however, the particle velocity can exceed the velocity of light in the medium, c/n, and in this case radiation occurs at a real angle cos"(l/@n). This is Cherenkov radiation.
Returning now to an electron in free space, if the track is of finite length, then by analogy with the finite aperture discussed in section 3, the S function at cos Bo has to be replaced by a spectrum in which all values of cos 8 are present, and some radiation does therefore take place. This radiation is normally associated with the acceleration of the charge Figure 9 Spectrum of a current component corresponding to an electron moving in an infinite track in free space (A), Cherenkov radiation in a medium of refractive index n (B) and an electron moving along a track of finite length (C). at the beginning and end of the track.
The angular distribution depends on the length of the track, but in the limit when this is many wavelengths (large N), an estimate can readily be made. For a particular frequency component the shape of the distribution has the basic form sin u/u, where U = NT(COS 8 -l/@). Provided that U is large it is physically reasonable to ignore the rapidly oscillating sin U factor. Practical detectors (at least at short wavelengths) measure the square of the amplitude, furthermore they have finite size and bandwidth. These factors smear out the effects of the rapid oscillation, and we can therefore assume an angular distribution that ignores sin U, and is multiplied by sin 8 as explained above. For large y and small 8, (radiation near the forward direction), sin 8 = 8, cos 8 = 1 -fez and l/@ --1 + 1/(2y').
Using these expansions, the angular distribution sin @/(cos 8 -l/@) becomes W(@'+ y-'), which is zero in the forward direction with a maximum at an angle 8 = l/?. This is a well-known result, usually obtained in a different way.
This method of calculating the radiation from an accelerated electron is not, in general, the most useful or convenient; it is, however, sometimes useful for discussing the behaviour of lowfrequency components. A more detailed analysis along these lines, in which the relation between acceleration radiation and Cherenkov radiation is discussed, has been given previously (Lawson 1965) .
Cylindrical waves moving circumferentially
In figure 4 a plane guiding surface is shown. It is of interest to consider what happens when the surface is curved to form a cylinder with its axis perpendicular to the paper. If the surface is rolled up with the corrugations on the inside, a 'magnetron' structure is obtained; this is illustrated in figure 10 . The magnetron operates when the magnetic field and applied voltage are adjusted so that the electron Figure 10 The surface illustrated in figure 4 'rolled up' about lines above and below the surface. For the latter the 'speed-of-light' circle is shown, where the circumferential phase velocity is equal to that of light. where the argument of the functions equals their order, marks the transition between the monotonic and oscillatory parts of the function. These regions correspond to the 'near' and 'far' fields of the source.
cloud moves with an angular velocity equal to that of the slow waves, and resonant interaction occurs.
When the corrugations are on the outside, the situation is rather more interesting.
If the phase velocity of the wave is pc at the surface of the corrugations, then it equals c at a radius equal to lip times the radius of the cylinder. This circle, of radius RL will be referred to as the 'speed-of-light' circle. If the total change of phase round the cylinder is 2 n r , then it is evident that R L = nA. The solution of the wave equation for this case can be expressed in terms of a Hankel function of the second kind of order n. Figure 11 shows the variation of the circumferential component of E for the special case where n = 4. An examination of the form of the solution shows that the wave changes character at the speed-of-light circle where the argument of the Hankel function is equal to its order; it varies monotonically outwards to the circle, and is oscillatory outside it. Well inside the speed-of-light circle the transverse components of E and H are nearly r / 2 out of phase and the outward looking impedance is almost reactive; at large distances outside it they are in phase, and the impedance is almost resistive. The whole solution is rather like that of a plane wave in which cos 0 varies with radius r according to the relation cos 0 = RJr. Inside the circle the wave is predominantly evanescent, and outside it is a predominantly travelling wave with wave normal at an angle n/2-6 to the radius, so that power gradually leaks away from the corrugated surface into the radiation field. For small values of r/R, the speed-of-light circle is a long way from the surface, and the power leaks out very slowly.
Radiating atoms and supergain antennas
If we suppose that a lossless system of the type just described is set up, the quality factor Q will be high. The field at any point is an exponentially decaying sine wave; high Q means a slow decay rate; the frequency is well defined but the time of decay is long. Lowering Q broadens the frequency spectrum and shortens the decay time.
Such a system is very similar to an atom or nucleus which emits electromagnetic radiation. For a hypothetical 'cylindrical' atom, the current distribution is obtained from expressions of the form exp(jm14) xexp(jmd)* = exp j(mlwhere mlh and m,h are the angular momenta of states between which there is a transition that gives rise to the radiation. Real atoms are, of course, spherical, and fields are expressed in terms of Legendre polynomials rather than sines and integral order Bessel functions. The essential physical behaviour is, however, the same. Setting E = hf, the Fourier transform relation between frequency bandwith and the decay time in the decaying sine wave gives the uncertainty principle.
Examination of the curves in figure 11 shows how very rapidly the fields increase within the speed of light circle. This is one reason why quadrupole transitions, which can occur when dipole transitions are forbidden, have such a long decay time; the speed-of-light circle has radius 2X rather than K.
Further discussion, together with the relevance of the speed-of-light circle to supergain antennas and wave scattering theory is given by Lawson (1966) .
Radiation from electrons moving in a circle
It is interesting to discuss synchrotron radiation, which occurs when charges move in curved orbits in a magnetic field, from the point of view developed in this paper. In sections 5 and 6 the analogy between fields around a dielectric coated wire surface guide and a moving electron was discussed. It was pointed out that if an electron is suddenly stopped or started, radiation occurs. Indeed, if in any way the electron trajectory is deflected radiation is emitted. This is precisely analogous to the way that energy leaks away from a surface wave if the wire is bent.
As an example, we consider what happens when an electron moves in a circular orbit, as shown in figure 12 . If R. is the orbit radius, the radius of the speed-of-light circle is Ro/@ ; the difference of these radii is Ro(l/P -1) which is equal to RO/2y' when 1 -p 1. Setting this equal to the radial decay distance p-yX of the field component with free space wavelength A yields a critical wavelength A,= nRo/-yl below which the radiation should decrease. Indeed, this is close to the wavelength at which the spectrum of power per unit frequency is a l 1 Figure 12 Illustration of how the speed-of-light circle acts as a barrier for short wavelength components of the field, but allows longer wavelengths to escape. When pyk greatly exceeds the distance between the circular orbit and the speed-of-light circle the energy of the surface wave is rapidly radiated away.
maximum. At shorter wavelengths the spectral density decreases very rapidly.
Conclusion
In this brief survey a point of view has been introduced that enables a number of phenomena to be thought about in terms of rather few basic ideas, derived from a study of the two types of plane electromagnetic wave. Although its value in enabling detailed calculations to be made is limited, it can be of help in conceptual thinking which helps to classify and relate together quite a wide range of electromagnetic wave problems of practical interest.
